Testing the distance duality relation using type Ia supernovae and
  ultracompact radio sources by Li, Xin & Lin, Hai-Nan
ar
X
iv
:1
71
0.
11
36
1v
2 
 [a
str
o-
ph
.C
O]
  1
3 D
ec
 20
17
Mon. Not. R. Astron. Soc. 000, 1–6 (2017) Printed September 3, 2018 (MN LATEX style file v2.2)
Testing the distance duality relation using type-Ia
supernovae and ultra-compact radio sources
Xin Li
1⋆
and Hai-Nan Lin
1†
1Department of Physics, Chongqing University, Chongqing 401331, China
Accepted xxxx; Received xxxx; in original form xxxx
ABSTRACT
We test the possible deviation of the cosmic distance duality relation DA(z)(1 +
z)2/DL(z) ≡ 1 using the standard candles/rulers in a fully model-independent man-
ner. Type-Ia supernovae are used as the standard candles to derive the luminosity
distance DL(z), and ultra-compact radio sources are used as the standard rulers to
obtain the angular diameter distance DA(z). We write the deviation of distance dual-
ity relation as DA(z)(1+z)
2/DL(z) = η(z). Specifically, we use two parameterizations
of η(z), i.e. η1(z) = 1+ η0z and η2(z) = 1+ η0z/(1+ z). The parameter η0 is obtained
using the Markov chain Monte Carlo methods by comparing DL(z) and DA(z) at the
same redshift. The best-fitting results are η0 = −0.06± 0.05 and −0.18± 0.16 for the
first and second parameterizations, respectively. Our results depend on neither the
cosmological models, nor the matter contents or the curvature of the universe.
Key words: cosmological parameters – distance scale – supernovae: general
1 INTRODUCTION
In the standard cosmological model, there is a strict
correlation between the luminosity distance DL(z) and the
angular diameter distance DA(z) at the same redshift, i.e.
DA(z)(1 + z)
2/DL(z) = 1 (Etherington 1933, 2007). This
is the so-called distance duality relation (DDR). The DDR
holds true in any metric theory of gravity such as general rel-
ativity, as long as the photons travel along null geodesics and
the photon number is conserved. Any deviation of DDR im-
plies that there are new physics beyond the standard cosmo-
logical model. Therefore, testing the validity of DDR arouses
great interests in recent years.
Many work have been devoted to testing the validity
of DDR (Bassett & Kunz 2004; Uzan, Aghanim & Mellier
2004; Bernardis, Giusarma & Melchiorri 2006;
Holanda, Lima & Ribeiro 2010; Piorkowska et al.
2011; Fu et al. 2011; Yang et al. 2013;
Santos-da-Costa, Busti & Holanda 2015; Lv & Xia 2016;
Holanda et al. 2016; Ma & Corasaniti 2016; Liao et al.
2016; Chen et al. 2016; Holanda, Busti & Alcaniz 2016).
All the methods require the measurement of both lumi-
nosity distance and angular diameter distance at the same
redshift. The luminosity distance DL can be obtained from
type-Ia supernovae (SNe) with high precision. Type-Ia
SNe have an approximately consistent absolute luminosity
⋆ e-mail: lixin1981@cqu.edu.cn.
† e-mail: linhn@ihep.ac.cn.
after correcting for stretch and color, and therefore are
widely regarded as the standard candles in cosmology
(Riess et al. 1998; Perlmutter et al. 1999). However, the
measurement of angular diameter distance DA is not as
straightforward as that of DL. One way to determine DA
is using the Sunyaev–Zeldovich effect combined with the
X-ray data from galaxy clusters (De Filippis et al. 2005;
Bonamente et al. 2006). The obtained DA in this way de-
pends on the mass model of galaxy clusters, which arouses
large uncertainties. Many work have used the DL data from
SNe and DA data from galaxy clusters to test the DDR, see
e.g., Yang et al. (2013) and the references therein. Due to
the large uncertainty, most work found no evidence for the
violation of DDR. A more accurate measurement of DA can
be obtained from the baryon acoustic oscillations (BAO)
(Beutler et al. 2011; Anderson et al. 2013; Kazin et al.
2014; Delubac et al. 2015). However, the measurement of
BAO requires the statistics of a large number of galaxies,
and the number of measured BAO data points so far is very
limited. Ma & Corasaniti (2016) used the DL from SNe and
DA from BAO to test DDR and found 5% constraints in
favor of its validity.
Recently, Liao et al. (2016) proposed to test the DDR
using the angular diameter distance from strong gravita-
tional lensing systems, in combination with the luminosity
distance from type-Ia SNe. The angular diameter distance
can be deduced from the Einstein radius, and the redshifts
of lens and source. However, the gravitation lensing sys-
tems could only provide the information of distance ratio
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between lens and source, and between observer and source,
i.e. RA ≡ DA,ls/DA,s. To obtain the distance from observer
to lens, a flat FLRW cosmology was assumed, which makes
the test of DDR not completely model independent. What’s
more, the Einstein radius depends on the mass profile of lens,
which causes some uncertainty. The luminosity distance is
from type-Ia SNe, which is independent of the gravitational
lensing systems. The problem is that the SNe and gravita-
tional lensing systems are usually located at different red-
shifts, making the direct comparison between DL and DA
impossible. To solve this problem, the authors adopted a
matching criterion that if the redshift different between the
SNe and lens or source is no more than 0.005, them may
be regarded as locating at the same redshift. With such a
criterion, there are only 60 or so lensing systems which have
matched SNe, although the total number of lensing systems
is more than one hundred. The redshift of type-Ia SNe is lim-
ited to be . 1.4, much smaller than the redshift of strong
gravitation lensing systems. Holanda et al. (2016) combined
the SNe, strong gravitational lensing systems and gamma-
ray bursts to test the DDR at high redshift, and found that
the DDR validity is verified within 1.5σ.
The milliarcsecond ultra-compact radio sources (RSs)
provide a unique tool to measure the angular diameter dis-
tance. Kellermann (1993) studied the angular size – red-
shift relation (θ − z relation) of 79 ultra-compact RSs as-
sociated with active galaxies and quasars observed by the
very-long-baseline interferometry (VLBI), and showed that
the θ − z relation can be naturally explained by geomet-
rical effect (i.e. the further object has the smaller angular
size) in the FLRW cosmology. This implies that the lin-
ear size of ultra-compact RSs, d0, is approximately con-
stant, free of evolution effects. From then on, much ef-
forts have been done to standardize the ultra-compact RSs
as the cosmological rulers (Jackson & Dodgson 1996, 1997;
Gurvits, Kellermann & Frey 1999; Gurvits 1994; Jackson
2004; Jackson & Jannetta 2006; Jackson 2008, 2012). The
possible cosmological evolution of d0 with luminosity L,
redshift z, and spectra index α has been investigated
(Gurvits, Kellermann & Frey 1999; Gurvits 1994; Jackson
2004). With appropriate cutoffs on L, z and α, the cos-
mological evolution of d0 can be neglected (Gurvits 1994;
Gurvits, Kellermann & Frey 1999). Assuming that there is
no cosmological evolution of d0, Jackson & Jannetta (2006)
used a large sample of RSs data to give a very strict con-
straint on cosmological parameters.
In this paper, we use the angular diameter distance from
ultra-compact RSs, and combine with the luminosity dis-
tance from type-Ia SNe, to test the validity of DDR. The
main advantage of this method is that it is completely cos-
mological model-independent. The rest of the paper is orga-
nized as follows: In section 2, we introduce the methodology
of testing DDR using type-Ia SNe and ultra-compact RSs
data in a model-independent way. In section 3, we introduce
the observational data samples that are used in the test of
DDR and give the results. Finally, discussions and conclu-
sions are given in section 4.
2 METHODOLOGY
In this section, we illustrate how to test the DDR
using type-Ia SNe and ultra-compact RSs. Following
Holanda, Lima & Ribeiro (2010), we write the possible vio-
lation of the standard DDR as
DA(z)(1 + z)
2
DL(z)
= η(z). (1)
We use two different parameterizations of η(z),
η1(z) = 1 + η0z, η2(z) = 1 + η0
z
1 + z
, (2)
where η0 is a free parameter representing the amplitude of
DDR violation. There is no violation of DDR if η0 = 0. By
comparing DL(z) and DA(z) at the same redshift z, we can
constrain the parameter η0.
The luminosity distance can be derived from type-Ia
SNe. Type-Ia SNe are widely used as the standard candles in
cosmology due to their approximately consistent absolute lu-
minosity (Riess et al. 1998; Perlmutter et al. 1999). The dis-
tance modulus of SNe can be extracted from the light curves
using the following empirical relation (Tripp 1998; Guy et al.
2005, 2007; Suzuki et al. 2012; Betoule et al. 2014)
µsn = m
∗
B −MB + αX1 − βC. (3)
where m∗B is the apparent magnitude, MB is the absolute
magnitude,X1 and C are the stretch factor and color param-
eter, respectively. The two parameters α and β are universal
constants and can be fitted simultaneously with cosmologi-
cal parameters, or more generally, can be marginalized over.
The uncertainty of µsn is propagated from the uncertain-
ties of m∗B, X1 and C using the standard error propagation
formula,
σµsn =
√
σ2m∗
B
+ α2σ2X1 + β
2σ2
C
. (4)
The angular diameter distance is derived from the ultra-
compact RSs. Due to the approximately constant linear size
of RSs, the angular diameter distance can be easily obtained
if the angular size θ is observed,
DA,rs =
d0
θ
, (5)
where the linear size d0 is not known a prior and is regarded
as a free parameter. Combining Eqs.(1) and (5), the lumi-
nosity distance of RSs can be written as
DL,rs =
d0
θ
(1 + z)2
η(z)
. (6)
The distance modulus of RSs is given by
µrs = 5 log10
DL,rs
Mpc
+ 25. (7)
The uncertainty of µrs is propagated from that of θ,
σµrs =
5
ln 10
σθ
θ
, (8)
where ‘ ln’ is the natural logarithm.
Difficulties arise when we try to directly compare µsn
with µrs. This is because SNe and RSs usually locate at
different redshift. For a specific SN, there is in general no
RS locating at the same redshift, and vice visa. To solve
this problem, we first reconstruct the θ−z relation using the
Gaussian processes (Seikel, Clarkson & Smith 2012). Then
c© 2017 RAS, MNRAS 000, 1–6
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the µrs(z) function can be reconstructed using Eqs.(6) – (8).
Given µrs(z) function, we can calculate the distance modulus
of RSs at any desired redshift. We use the reconstructed
µrs(z) function to calculate the distance modulus of RS at
the redshift of each SNe. Therefore, the comparison between
µrs and µsn at the same redshift is possible.
We use the Markov chain Monte Carlo methods
(Foreman-Mackey et al. 2013) to calculate the posterior
probability distribution functions of free parameters. The
likelihood is given by
L(p) =
∏ 1√
2piσµ
exp
[
−1
2
(
µsn − µrs
σµ
)2]
, (9)
where
σµ = (σ
2
µsn + σ
2
µrs + σ
2
int)
1/2 (10)
is the uncertainty of distance modulus of SNe and RSs,
p = (d0, η0, α, β,MB , σint) is the set of free parameters,
and the product runs over all the SN-RS pairs. We have
added the intrinsic scatter term in Eq.(10) to account for
any other uncertainties. Note that d0 is degenerated with
MB , so they cannot be constrained simultaneously. One pa-
rameter should be fixed in order to constrain the other. We
leave d0 free and fix MB = −19.32 (Suzuki et al. 2012).
3 DATA AND RESULTS
The SNe sample is taken from Suzuki et al. (2012),
i.e. the Union2.1 sample. Union 2.1 consists of 580 type-
Ia SNe with high light curve quality in the redshift range
[0.015, 1.414]. Each SN has well measured redshift z, appar-
ent magnitude m∗B, stretch factor X1 and color factor C.
Note that Suzuki et al. (2012) also published the distance
modulus of each SNe, which is calibrated in the wCDM
model. We use the original light curve parameters rather
than the published distance moduli in order to avoid the
model dependence. The distance moduli are calculated us-
ing Eq.(3), with α and β as free parameters.
The RSs sample is taken from Jackson & Jannetta
(2006). The sample is selected from a complication of
VLBI survey of ultra-compact RSs at 2.29 GHz released by
Preston et al. (1985). The redshift and radio flux are up-
dated according to the recent observations. The sample con-
sists of 613 RSs in the redshift range [0.0035, 3.787]. Among
the sample, there are 468 RSs which have redshift larger than
0.5. Data with z < 0.5 are not appropriate to use as stan-
dard rulers because they are more affected by cosmological
evolutions (Gurvits 1994; Jackson 2004; Jackson & Jannetta
2006; Jackson 2008, 2012). The 468 RSs data in the θ − z
plane are plotted in Figure 1. To show that the RSs data
can be used to constrain the cosmological parameters, we
fit the 468 RSs data points to the standard ΛCDM model.
We get the best-fitting parameters ΩM = 0.29 ± 0.10,
d0 = 7.76 ± 0.57 h−10 pc. Here h0 is the Hubble constant
in unit of 100 km s−1 Mpc−1. Although has a large uncer-
tainty, the ΩM value is well consistent with the much more
precise result from CMB observations (Ade et al. 2016).
From Figure 1, we can see that the original data points
show large scatter around the θ−z theoretical curve. Follow-
ing Refs. (Kellermann 1993; Jackson & Dodgson 1996, 1997;
Gurvits, Kellermann & Frey 1999; Gurvits 1994; Jackson
z
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Figure 1. The 468 radio sources in the θ−z plane. The black line
is the best-fitting results to ΛCDM model, with the best-fitting
parameters ΩM = 0.29± 0.10, d0 = 7.76 ± 0.57 h
−1
0
pc.
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Figure 2. The θ−z relation in the redshift range 0.5 < z < 3.787
reconstructed from the Gaussian processes. The blue region is the
1σ uncertainty.
2004; Jackson & Jannetta 2006), we bin the raw data into
18 bins, with 26 data points in each bin. The central value
and 1σ uncertainty are taken to be the mean and stan-
dard deviation of data points in each bin, respectively.
The binned data are plotted in Figure 2. Based on the
binned data, we use the publicly available python package
GaPP (Seikel, Clarkson & Smith 2012) to reconstruct the
θ(z) function in the redshift range [0.5, 3.787]. The Gaussian
processes only depends on the covariance function. Here we
adopt the most widely used squared exponential covariance
function. The results are plotted in Figure 2. The blue range
stands for the 1σ uncertainty. In the reconstruction, we use
log θ instead of θ. This is because in the likelihood func-
tion Eq.(9), we use the distance modulus rather than the
luminosity distance, while the former is linearly correlated
with log θ. In principle, the Gaussian processes can recon-
struct function at any point. Beyond the data range, how-
ever, the reconstructed function has too large uncertainty.
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Figure 3. The marginalized likelihood distributions and 2-
dimensional confidence regions for the parameters d0, η0, α, β
and σint in the first parametrization η1(z) = 1 + η0z. The blue
lines represent the mean values.
The reconstructed θ(z) function is used to calculate the dis-
tance modulus of RSs at the redshift of SNe according to
the method described in the last section. SNe with z < 0.5
are ignored. There are 167 SNe remain in the redshift range
0.5 < z 6 1.414.
We use the publicly available python package em-
cee (Foreman-Mackey et al. 2013) to do the Markov chain
Monte Carlo analysis. The likelihood function is given by
Eq.(9). We use a flat prior on the parameters: P (d0) =
U [1, 20] pc, P (η0) = U [−1, 1], P (α) = U [0, 1], P (β) =
U [0, 10], and P (σint) = U [0, 1]. The absolute magnitudeMB
is fixed to −19.32 due to the degeneracy between d0 and
MB . The marginalized likelihood distributions and the 2-
dimensional confidence regions for the parameters are plot-
ted in Figure 3 and Figure 4 for the first and second pa-
rameterizations, respectively. The best-fitting (mean) values
and 1σ errors (standard deviations) of the parameters are
listed in Table 1. Except for the intrinsic scatter σint, all
the other parameters can be well constrained. The 1σ upper
limit of σint is 0.05, which is much smaller than the errors
of SNe and RSs, and therefore can be neglected. In fact, if
we fix σint = 0, all the other parameters are almost unaf-
fected. The best-fitting linear size is d0 = 11.86 ± 0.54 pc
in the first parametrization and d0 = 11.46± 0.92 pc in the
second parametrization. These are well consistent with the
result of Jackson (2012) obtained in ΛCDM cosmology, i.e.
7.76 h−1
0
pc (assuming h0 = 0.67 (Ade et al. 2014, 2016)).
The best-fitting η0 is −0.06±0.05 (−0.18±0.16) in the first
(second) parametrization. In both parameterizations, there
is no strong evidence for the violation of DDR. Note that we
make no assumption on the matter contents or the curva-
ture of the universe, and therefore our results are completely
model-independent.
Figure 4. The marginalized likelihood distributions and 2-
dimensional confidence regions for the parameters d0, η0, α, β
and σint in the second parametrization η2(z) = 1 + η0z/(1 + z).
The blue lines represent the mean values.
4 DISCUSSIONS AND CONCLUSIONS
The DDR, which relates the luminosity distance DL to
the angular diameter distance DA at the same redshift z,
plays an important role in modern cosmology and astron-
omy. It is a natural inference of Etherington reciprocity the-
orem. Any violation of DDR may imply new physics beyond
the standard model. Thus, testing the validity of DDR is es-
sential and has aroused great interests in recent years. The
most ideal way to test DDR is to measure DL and DA to a
specific object (hence DL and DA are measured at the same
redshift, of course). However, at the present day it is difficult
to directly measure both DL and DA to a celestial object.
The most popular way is to measure DL from type-Ia SNe,
and DA from other objects such as galaxy clusters, BAO,
or strong gravitational lensing systems. Although DL from
SNe is free of cosmological model and has high accuracy,
DA from other objects is more or less model-dependent. For
example, DA from galaxy clusters depends on the mass pro-
file of clusters, DA from BAO depends on the cosmological
models, and DA from strong gravitational lensing systems
depends on the curvature of the universe and the mass pro-
file of the lens. On the other hand, the uncertainty of DA is
much larger compared to the uncertainty of DL from SNe.
Due to the large uncertainty, previous tests show no strong
evidence for the violation of DDR.
In this paper, we used the type-Ia SNe as the standard
candles and ultra-compact RSs as the standard rulers to test
the validity of DDR. The linear size of ultra-compact RSs
was assumed to be approximately constant, so the angular
diameters distance DA can be obtained from the measured
angular size θ. In order to compare DA from RSs to the
luminosity distance DA from SNe at the same redshift, the
c© 2017 RAS, MNRAS 000, 1–6
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Table 1. The best-fitting parameters and their 1σ uncertainties in two different parameterizations of η(z). For the intrinsic scatter, only
the 1σ upper limit can be obtained.
d0 [pc] η0 α β σint
η1(z) 11.86± 0.54 −0.06± 0.05 0.07± 0.02 0.50± 0.20 < 0.05
η2(z) 11.46± 0.92 −0.18± 0.16 0.07± 0.02 0.50± 0.20 < 0.05
Gaussian processes were used to reconstruct DA(z) func-
tion. We parameterized the violation of DDR in two different
forms, and used the Markov chain Monte Carlo method to
calculate the posterior probability density function of each
parameters. The violation amplitudes in the first and second
parameterizations are η0 = −0.06±0.05 and−0.18±0.16, re-
spectively. These are consistent with the results of Liao et al.
(2016) obtained from SNe and strong gravitational lensing
systems (plus galaxy clusters), but the uncertainty was much
reduced compared to the previous results. In both param-
eterizations, no strong evidence for the violation of DDR
was found. The main advantage of our method is that it is
completely independent of cosmological model and the cur-
vature of the universe. What’s more, it is also independent
of the mass profile of galaxies or clusters. In both parame-
terizations, η0 is negative within 1σ uncertainty. The nega-
tive value of η0 means that η(z) is smaller than unity. This
may happen if the photons from SNe are not conserved but
some of them are absorbed by the intergalactic medium.
This makes SNe seem to be dimmer than expected, which
just looks as if the SNe locate at a further distance.
We note that the α and β values obtained here are
much smaller than that of Suzuki et al. (2012). There are
many reasons which can cause the discrepancy. First, our
results are obtain from the combination of RSs and SNe,
while Suzuki et al. (2012) obtained the α and β values from
the pure SNe. The uncertainty of RSs is much larger than
that of SNe. Second, only SNe with z > 0.5 are used in our
paper, while in Suzuki et al. (2012) the full Union2.1 sample
was used. Finally, biases from the selection effects in both
the SNe and RSs samples may be the most important rea-
son. Especially, the SNe sample used here is at high redshift
(z > 0.5), where the biases are much worse. Dealing with bi-
ased samples is beyond the scope of our present work. The
different nuisance parameters only cause the discrepancy of
SNe distance by 0.1 mag, which is much smaller than the
uncertainty of distance of RSs. The main conclusions of our
manuscript, therefore, are not affected by the nuisance pa-
rameters.
The main shortcoming is that the low redshift (z < 0.5)
RSs couldn’t be used as the standard rulers, while most SNe
has redshift z < 0.5. In the redshift overlapping range (0.5 <
z < 1.414), there are only 167 SNe, much smaller than the
full Union2.1 sample. Nevertheless, this subsample of SNe is
already much larger than the available strong gravitational
lensing systems or the galaxy clusters. We may enlarge the
sample by adding some high-redshift data such as gamma-
ray bursts to SNe sample, or adding some low-redshift galaxy
cluster to the RSs sample. The price, however, is that the
uncertainty is also enlarged.
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